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a b s t r a c t
We study a family of combinatorial closed 3-manifolds obtained from polyhedral 3-balls,
whose finitely many boundary faces are glued together in pairs. Then we determine
geometric presentations of their fundamental groups, and find conditions under which
such groups are infinite and/or aspherical. Moreover, we show that our presentations
are a natural generalization of those considered by Prishchepov in [M.I. Prishchepov,
Asphericity, atoricity and symmetrically presented groups, Comm. Algebra 23 (13) (1995)
5095–5117]. Finally we illustrate some geometric and topological properties of the
constructed manifolds, as, for example, a combinatorial description of them as cyclic
coverings of the 3-sphere branched over some specified classes of knots.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let Fn be the free group of rank n on generators x1, . . . , xn. Let η denote the automorphism of order n such that
η(xi) = xi+1, where the subscripts are taken modulo n. A group is said to have a cyclic presentation if it is isomorphic to
Gn(w) = 〈x1, . . . , xn : w = 1, η(w) = 1, . . . , ηn−1(w) = 1〉
for some positive integer n, where w is a reduced word in the alphabet X = {x±11 , . . . , x±1n } (see [9]). The automorphism η
of Fn naturally induces an automorphism θ of order n on Gn(w). Let En(v) be the split extension group of Gn(w) by the cyclic
group Zn generated by θ . Then En(v) admits a finite presentation with two generators x and θ and two relations θn = 1
and v(x, θ) = 1. The second relation is obtained by setting xi+1 = θ−1xiθ = θ−ixθ i and x0 = x in the word w. There is
a short exact sequence 1 −→ Gn(w) −→ En(v) −→ Zn −→ 1 which induces the isomorphism En(v)/Gn(w) ∼= Zn. In
particular, Gn(w) is finite if and only if En(v) is finite. One of the motivations for the study of cyclically presented groups is
their connection with the topology of closed connected orientable 3-manifolds (see, for example, [6] and its references).
Let us consider a family of cyclically presented groups depending on five nonnegative integers:
P(r, n, k, s, q) = 〈x1, . . . , xn : xixi+q . . . xi+q(r−1) = xi+kxi+k+q . . . xi+k+q(s−1) (i = 1, . . . , n)〉
where the indices are taken modulo n, s ≥ 1, r ≥ 2 and 1 ≤ q < n. This presentation coincides with P(r, n, k + 1, s, q)
as given by Prishchepov in [14]. He gave arithmetic conditions on the parameters which imply the asphericity and/or
the atoricity of the presentations. For particular choices of parameters, these groups are known: P(2, n, k, 1,m) are the
generalized Fibonacci groups Gn(m, k) introduced in [4], and studied in [1,5,19]; P(r, n, 1, r−1, 2) are the generalized Sieradski
groups S(r, n) (see [16] for r = 2, and [3] for the general case); P(r, n, r, 1, 1) are the Fibonacci groups F(r, n) (see [10]);
P(r, n, r − 1 + k, 1, 1) and P(r, n, r, k, 1) are two series of groups of Fibonacci type F(r, n, k) and H(r, n, k), respectively,
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which were considered and studied in [2,18]. In this paper we consider a natural generalization of the Prishchepov groups.
Let P˜(r, n, k, s, p, q) denote the group with generators x1, . . . , xn and cyclically defined relations
xixi+q . . . xi+q(r−1) = xi+kxi+k+p . . . xi+k+p(s−1)
for i = 1, . . . , n, where the subscripts are taken modulo n, s ≥ 1, r ≥ 2 and 0 ≤ p, q < n. Throughout the paper,
such groups will be called generalized Prishchepov groups. We determine certain arithmetic conditions on the parameters for
which these groups correspond to spines of closed connected orientable 3-manifolds. Recall that a spine of a closed connected
orientable 3-manifold M is a connected 2-polyhedron X ⊂ M such that M\(open 3-cell) collapses onto X . Our manifolds
are constructed by using polyhedral 3-balls whose finitely many boundary faces are glued together in pairs. Then we study
some topological and covering properties of the constructed manifolds. In particular, we show that our manifolds are cyclic
branched coverings of lens spaces (possibly, S1 × S2 or S3), branched over some specified classes of knots. Furthermore, we
determine the split extension group of P˜(r, n, k, s, p, q), and investigate under what conditions the generalized Prishchepov
groups are infinite and/or aspherical. We answer such algebraic questions by considering the topological properties which
arise from our combinatorial manifolds, and the connection between cyclically presented groups and the fundamental
groups of some cyclic branched coverings.
2. The combinatorial manifoldsMn,p,q,k
Let us consider a triangulated polyhedron Pn,p,q, n ≥ 1, p, q ≥ 0, which represents a cellular decomposition of a 3-ball.
The boundary of Pn,p,q consists of n faces Fi, i = 1, . . . , n, in the northern hemisphere, and n faces F ′i+k in the southern
hemisphere:
Fi : c0i c1i . . . cqi ai+1a−1i (bpi )−1 . . . (b1i )−1(b0i )−1
F ′i+k : di+kc0i+k . . . cqi+k(bpi+k+1)−1 . . . (b0i+k+1)−1d−1i+k+1
where 0 ≤ k < n and the suffices are taken modulo n. Each face has exactly p + q + 2 oriented edges, as listed above; the
sequence of the oriented edges in ∂Fi (resp. ∂F ′i+k) is determined by using the counterclockwise (resp. clockwise) orientation
in Fi (resp. F ′i+k). For every i (mod n) the face Fi intersects Fi+1 in the edge ai+1, and F
′
i+k intersects F
′
i+k+1 in di+k+1. Every
face Fi intersects F ′i−1 (resp. F
′
i ) in the sequence of edges b
0
i , . . . , b
p
i (resp. c
0
i , . . . , c
q
i ). The boundary faces of the polyhedron
Pn,p,q are identified in pairs by the affine transformations xi : Fi −→ F ′i+k, for i = 1, . . . , n, and some 0 ≤ k < n. The
map xi realizes the pairing after a shift of k polygons. The oriented edges of Fi are identified to those of F ′i+k via xi in the
order specified by the above sequences. Thus c0i → di+k, c1i → c0i+k, . . . , cqi → cq−1i+k , ai+1 → cqi+k, a−1i → (bpi+k+1)−1,
(bpi )
−1 → (bp−1i+k+1)−1, . . . , (b1i )−1 → (b0i+k+1)−1, and (b0i )−1 → d−1i+k+1. LetMn,p,q,k denote the quotient space obtained from
Pn,p,q by the above-described pairing of its boundary faces. This space is not a closed 3-manifold in general; there could be
some singular points arising from the vertices of the polyhedron Pn,p,q. By a theorem of Seifert and Threlfall (see [15], Chp.
9, Theorem III), the quotient spaceMn,p,q,k is a closed connected orientable 3-manifold if and only if its Euler characteristic
vanishes. Using this result, we have the following
Theorem 2.1. For every n ≥ 1, p, q ≥ 0 and 0 ≤ k < n, the quotient combinatorial space Mn,p,q,k obtained from the polyhedron
Pn,p,q by pairwise identification of its boundary faces under the above-defined pairing is a closed connected orientable 3-manifold
if and only if (p− q)k+ p+ 3 ≡ 0 (mod n).
Proof. The quotient space has a natural cellular decomposition arising from that of the polyhedron Pn,p,q via the squashing
map. Of course, it has n 2-cells and one 3-cell. Nowwe show that the cellular decomposition ofMn,p,q,k has exactly one 0-cell
(vertex). Let Ei and N – the north pole – (resp. S – the south pole – and Ai) be the first and the second end of the oriented
edge ai (resp. di) in Pn,p,q (here the subscripts are always considered modulo n). By construction, Ai is also the first vertex of
the edges b0i and c
0
i , and Ei (resp. Ei+1) is the second vertex of b
p
i (resp. c
q
i ). Denote by B
1
i and C
1
i the second vertices of b
0
i and
c0i , respectively, and by B
p
i and C
q
i the first vertices of b
p
i and c
q
i , respectively. Finally, let B
j
i and B
j+1
i (resp. C
`
i and C
`+1
i ) be the
first and the second end of bji (resp. c
`
i ) for 0 < j < p and 0 < ` < q (in the case of positive integers p and q). The pairwise
identification of the boundary faces of Pn,p,q determines the following sequence of equivalent vertices: Ai → S, C1i → Ai+k,
C`i → C`−1i+k , Ei+1 → Cqi+k, N → Ei+k+1, Ei → Bpi+k+1, Bji → Bj−1i+k+1, and B1i → Ai+k+1, i = 1, . . . , n, 2 ≤ ` ≤ q, and 2 ≤ j ≤ p.
For every i = 1, . . . , n, Ai xi→ S and Ei
x−1i−k−1→ N imply that all vertices Ai (resp. Ei) are equivalent to S (resp. N) in the quotient
space, written Ai ≡ S and Ei ≡ N . Then we get
S ≡ Ai+k
x−1i−→ C1i
x−1i−k−→ C2i−k
x−1i−2k−→· · · x
−1
i−(q−1)k−→ Cqi−(q−1)k
x−1i−qk−→ Ei−qk+1 ≡ N,
hence all the vertices Ai, S, N and C`i are equivalent, for i = 1, . . . , n, and 0 < ` ≤ q. Furthermore, we have
N ≡ Ei xi−→ Bpi+k+1
xi+k+1−→ Bp−1i+2(k+1)
xi+2(k+1)−→ · · · xi+(p−1)(k+1)−→ B1i+p(k+1)
xi+p(k+1)−→ Ai+(p+1)(k+1) ≡ N,
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hence all the vertices Bji are equivalent to N for i = 1, . . . , n, and 0 < j ≤ p. This proves that there is only one vertex in the
quotient cellular space Mn,p,q,k. On the other hand, the above-defined pairwise identification of the boundary faces yields
the following sequence of equivalent edges:
ai
xi−→ bpi+k+1
xi+k+1−→ · · · xi+p(k+1)−→ b0i+(p+1)(k+1)
xi+(p+1)(k+1)−→ di+(p+2)(k+1)
x−1i+(p+2)(k+1)−k−→ c0i+(p+2)(k+1)−k
x−1i+(p+2)(k+1)−2k−→ · · · x
−1
i+(p+2)(k+1)−(q+1)k−→ cqi+(p+2)(k+1)−(q+1)k
x−1i+(p+2)(k+1)−(q+2)k−→ ai+(p+2)(k+1)−(q+1)k−k+1.
This is a closed cycle for every i = 1, . . . , n if and only if 1+ (p+ 2)(k+ 1)− (q+ 2)k ≡ 0 (mod n). So the quotient space
Mn,p,q,k has exactly n 1-cells if and only if the arithmetic condition of the statement holds. In this case, the Euler characteristic
ofMn,p,q,k is zero, so it is a closed 3-manifold. 
Let Gn,p,q,k be the fundamental group of the closed 3-manifoldMn,p,q,k, where the parameters are assumed to satisfy the
condition in Theorem 2.1. Recall that a spine of a closed combinatorial 3-manifold M is a two-dimensional subpolyhedron
such that M\(open 3-cell) collapses onto it. It is well known that every closed 3-manifold admits spines with a single
vertex, corresponding to suitable presentations of its fundamental group. By construction, the interior of the polyhedron
Pn,p,q becomes an open 3-ball whose boundary meets itself in the quotient manifoldMn,p,q,k along an embedded 2-complex
which is a spine of the manifold. Moreover, it is the canonical 2-complex corresponding to a special presentation of the
fundamental group Gn,p,q,k as described in the following results.
Theorem 2.2. For every n ≥ 1, p, q ≥ 0, 0 ≤ k < n and (p− q)k+ p+ 3 ≡ 0 (mod n), the fundamental group Gn,p,q,k of the
closed connected orientable 3-manifold Mn,p,q,k admits a finite presentation with n generators x1, . . . , xn and n cyclically defined
relations
xixi+k+1 . . . xi+(p+1)(k+1) = xi+p+2+(p−q)kxi+p+2+(p−q+1)k . . . xi+p+2+(p+1)k
for i = 1, . . . , n (subscripts mod n). This presentation is geometric, that is, it corresponds to a spine of the manifold Mn,p,q,k.
Since the groups Gn,p,q,k are just generalized Prishchepov groups for suitable parameters, we get
Corollary 2.3. Under the arithmetic conditions of Theorem 2.2, the generalized Prishchepov group P˜(p + 2, n, p + 2 + (p −
q)k, q+ 2, k, k+ 1) is the fundamental group of a closed connected orientable 3-manifold.
We remark that the group in Corollary 2.3. is isomorphic to the group P˜(q + 2, n, 1, p + 2, k + 1, k). We recall that a
Seifert manifold Σ is uniquely characterized by a system of invariants ( g ′ : b (α1, β1) (α2, β2) . . . (αr , βr)), where g is
the genus of the base orbifold S,  = O and ′ = o if Σ and S are orientable, respectively, b = −(e0 +∑ri=1 βi/αi) ∈ Q,
where eo is the rational Euler number of the bundle, and (αi, βi) are the Seifert invariants of the ith exceptional fiber. For
the theory of Seifert manifolds, we refer to the monograph of Orlik [13].
Theorem 2.4. Assume the arithmetic conditions of Theorem 2.2 with n = 2. Then either (i) q, k are odd and then Mn,p,q,k is
homeomorphic to the Seifert manifold defined by the invariants
(O 0 o : −1 (p+ 3, 1) (p+ 3, 1) ((q+ 3)/2, (q+ 1)/2));
or (ii) p is odd and k is even and then Mn,p,q,k is the Seifert manifold
(O 0 o : −1 (q+ 3, 1) (q+ 3, 1)((p+ 3)/2, (p+ 1)/2)).
Proof. For n = 2, we have the following cases:
• k, p, q odd or k, q odd and p even. Then the condition (p− q)k+ p+ 3 ≡ 0 (mod 2) holds, and Theorem 2.2. gives
G2,p,q,k = 〈x1, x2 : xp+21 = x2(x1x2)
q+1
2 , xp+22 = x1(x2x1)
q+1
2 〉
∼= 〈x1, x2 : xp+31 = (x1x2)
q+3
2 = xp+32 〉.
This presentation corresponds to a spine of the manifoldM2,p,q,k. Moreover,M2,p,q,k is the tetrahedron manifold denoted by
M(p+ 3, 1; p+ 3, 1; (q+ 3)/2) in [17], and the result follows from Theorem 3.1 of [17].
• k even and p, q odd or k, q even and p odd. Then (p− q)k+ p+ 3 ≡ 0 (mod 2) holds, and Theorem 2.2. gives
G2,p,q,k = 〈x1, x2 : (x1x2) p+12 x1 = xq+22 , (x2x1)
p+1
2 x2 = xq+21 〉
∼= 〈x1, x2 : xq+31 = (x1x2)
p+3
2 = xq+32 〉.
This presentation corresponds to a spine of the manifold M2,p,q,k. So M2,p,q,k is the tetrahedron manifold M(q + 3, 1; q +
3, 1; (p+ 3)/2), and the result follows from Theorem 3.1 of [17].
• k, p odd and q even or k odd and p, q even.
• k, p even and q odd or k, p, q even.
The last two cases do not occur since the condition (p− q)k+ p+ 3 ≡ 0 (mod 2) is not verified. 
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3. Algebraic properties of the groups Gn,p,q,k
From the cyclic presentation of Gn,p,q,k in Theorem 2.2, we see that this group has a cyclic automorphism θ : xi → xi+1 of
order n. This automorphism corresponds to the symmetry of order n (also denoted by θ ) of the polyhedron Pn,p,q such that
θ : Fi → Fi+1, F ′i → F ′i+1 (subscripts mod n). Let us consider the split extension group En,p,q,k of Gn,p,q,k with respect to the
cyclic group Zn generated by θ . Then we have
Theorem 3.1. For every n ≥ 2, p, q ≥ 0, 0 ≤ k < n and (p − q)k + p + 3 ≡ 0 (mod n), the group En,p,q,k has the finite
presentation:
En,p,q,k = 〈y, θ : θn = 1, (yθ−1)p+3 = yq+3〉.
In particular, if (p+ 3, q+ 3) = 1, then En,p,q,k is isomorphic to the fundamental group of the three-dimensional orbifold whose
underlying space is the 3-sphere and whose singular set is the torus knot T (p+ 3, q+ 3).
Proof. Substituting x0 = x and xi = θ−ixθ i in the relations of Gn,p,q,k, yields
(xθ−(k+1))p+1xθ (p+1)(k+1) = θ (q−p)k−p−2(xθ−k)q+1xθ (p+1)k+p+2
which is equivalent to the relation (xθ−(k+1))p+1x = θ(xθ−k)q+1xθ since (q− p)k− p− 2 ≡ 1 (mod n) and θn = 1. Setting
y = xθ−k, with inverse relation x = yθ k, we obtain for En,p,q,k a finite presentation with generators y and θ and the relation
(yθ−1)p+1y = θyq+2θ , which is equivalent to that of the statement. Setting a = yθ−1 and b = y, which inverse relation
θ = a−1b, we get En,p,q,k = 〈a, b : (a−1b)n = 1, ap+3 = bq+3〉. Now, if (p + 3, q + 3) = 1, then 〈a, b : ap+3 = bq+3〉
uniquely represents the group of the torus knot T (p+ 3, q+ 3) in the 3-sphere, and a−1b represents a meridian around the
knot. The second part of the statement follows. 
Theorem 3.2. Assume (p − q)k + p + 3 ≡ 0 (mod n) and 0 ≤ k < n. Then the group Gn,p,q,k is infinite if and only if either
n ≥ 3 or n = 2 and (p, q) 6∈ {(0, 1), (1, 0)}. Otherwise, it is isomorphic to the finite group SL(2, 3) of order 24.
Proof. The group Gn,p,q,k is infinite if and only if En,p,q,k = 〈a, b : (a−1b)n = 1, ap+3 = bq+3〉 is infinite. The group En,p,q,k
covers the triangle group of type (n, p + 3, q + 3) defined by 〈a, b : ap+3 = bq+3 = (ab)n = 1〉. It is known that the
last group is infinite if and only if 1/n + 1/(p + 3) + 1/(q + 3) ≤ 1 (see [8], Section 6.4). This shows that Gn,p,q,k is
infinite unless possibly when 1/n + 1/(p + 3) + 1/(q + 3) > 1. So the open cases are G2,0,1,1 and G2,1,0,0. In each case
we show that these define the group SL(2, 3). By Theorem 2.2 we obtain G2,0,1,1 ∼= 〈x1, x2: x21 = x2x1x2, x22 = x1x2x1〉 and
G2,1,0,0 ∼= 〈x1, x2: x1x2x1 = x22, x2x1x2 = x21〉, so G2,0,1,1 ∼= G2,1,0,0 ∼= 〈x1, x2: x31 = (x1x2)2 = x32〉. But this is precisely the
binary polyhedral group 〈`,m, n〉 = 〈R, S, T : R` = Sm = T n = RST 〉, where R = x1x2, S = x1, T = x2,m = n = 3, and ` = 2
(see [8], Section 6.5, formula (6.51), p. 68). Now it is known that 〈2, 3, 3〉 is isomorphic to the special linear group SL(2, 3)
by [8], Section 7.7, formula (7.73), p. 98. 
Corollary 3.3. Under the arithmetic conditions of Theorem 3.2, the generalized Prishchepov group P˜(p + 2, n, p + 2 + (p −
q)k, q+ 2, k, k+ 1) is infinite if and only if either n ≥ 3 or n = 2 and (p, q) 6∈ {(0, 1), (1, 0)}.
4. Covering properties of the manifoldsMn,p,q,k
A knot K in a lens space L(ξ , η) is said to be a (1, 1)-knot if there exists a genus one Heegaard splitting (L(ξ , η), K) =
(V1, K1)∪(V2, K2), where Vi is a solid torus and Ki ⊂ Vi is a properly embedded trivial arc, for i = 1, 2, and φ : (∂V2, ∂K2)→
(∂V1, ∂K1) is an attaching homeomorphism. An arc K properly embedded in a solid torus V is said to be trivial if there is a
disk D in V with K ⊂ ∂D and ∂D \ K ⊂ ∂V (see, for example, [7]). SetWi = (Vi, Ki), i = 1, 2. We call the pair (W1,W2) a (1,
1)-splitting of (L(ξ , η), K).
Theorem 4.1. Assume n ≥ 1, p, q ≥ 0, 0 ≤ k < n and (p − q)k + p + 3 ≡ 0 (mod n). Then the closed 3-manifold Mn,p,q,k is
the n-fold cyclic covering of the lens space L(|p− q|, 1) (in particular, S1 × S2 for p = q, and S3 for |p− q| = 1), branched over
a (1, 1)-knot Kp,q only depending on the integers p and q.
Proof. Let us consider the above automorphism θ of Gn,p,q,k, and denote the corresponding homeomorphism of Mn,p,q,k
also by θ . Since θ corresponds to the rotational symmetry of the polyhedron Pn,p,q, we see that the 1n -piece Πp,q of Pn,p,q,
pictured in Fig. 1(a), is the fundamental polyhedron for the quotient spaceMn,p,q,k/〈θ〉. This orbifold has themanifoldM1,p,q,0
as underlying topological space. The singular set of the orbifold is a knot Kp,q arising from the north–south axis of the
polyhedron Pn,p,q.Moreover, the fundamental groupof the orbifold is isomorphic to the split extension group En,p,q,k obtained
in Theorem 3.1. After the identification of the sequence of edges S A1 B11 . . . B
p
1 E1 N with the sequence S A2 B
1
2 . . . B
p
2 E2 N in
this order, we can redraw the faces F and F ′ as the regions on the 2-sphere. In this case, we get a Heegaard diagramofM1,p,q,0,
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a bN
N
S
S
F F
E1
A1
E2
A2
B1
p
B1
1
C1
1
C1
q B2
p
B2
1
F´
a a
a
a
a a
a
a
a
a
q+2
q+2
q+3
q+3
q+4
p+q+4
p+q+4
p+q+3
q+1
1
1
2
F´
Fig. 1. The 1n -pieceΠp,q of Pn,p,q and a Heegaard diagram of the underlying closed manifoldM1,p,q,0; the singular set Kp,q arises from the dotted arc NS.
drawn in Fig. 1(b). The axis of the rotation θ is pictured as a dotted curve in Πp,q; it lies inside the ball whose boundary is
being identified as indicated in Fig. 1(a).
The manifold M1,p,q,0 has Heegaard genus ≤ 1, and its fundamental group has the presentation G1,p,q,0 = 〈a : ap+2 =
aq+2〉 ∼= Z|p−q|. From the Heegaard diagram in Fig. 1(b), we see thatM1,p,q,0 is the lens space L(|p− q|, 1). Let V1 be a regular
neighborhood inM1,p,q,0 of the 1-skeleton ofM1,p,q,0, and V2 the closure of the complement of V1 inM1,p,q,0. Then the singular
set Kp,q (which is the image of the north–south axis ofΠp,q in the quotient orbifoldMn,p,q,k/〈θ〉) decomposes into the union
of two trivial arcs K1 and K2 such that Ki ⊂ Vi, i = 1, 2. Then the pair (W1,W2), whereWi = (Vi, Ki), gives a (1, 1)-splitting
of (L(|p− q|, 1), Kp,q). Hence the singular set Kp,q is a (1, 1)-knot. 
Theorem 4.2. For n ≥ 1, p, q ≥ 0, p = q ± 1, 0 ≤ k < n and (p − q)k + p + 3 ≡ 0 (mod n), the closed connected
orientable 3-manifold Mn,p,q,k is the n-fold cyclic covering of the 3-sphere branched over the torus knot T (q+ 3± 1, q+ 3).
Proof. By Theorem 4.1 Mn,p,q,k is the n-fold cyclic covering of the 3-sphere branched over a (1, 1)-knot Kp,q. In other
words, Mn,p,q,k is the n-fold cyclic covering of the orbifold O(Kp,q, n) whose underlying space is S3 and whose singular set
is Kp,q with branching index n. The split extension group En,p,q,k is the fundamental group of the orbifold O(Kp,q, n). By
Theorem 3.1 it is isomorphic to the fundamental group of the closed orbifold O(T (q + 3 ± 1, q + 3), n) whose underlying
space is S3 and whose singular set is the torus knot T (q + 3 ± 1, q + 3) with branching index n. Note that we can always
choose the path represented by a−1b (see the proof of Theorem 3.1) as a meridian of the torus knot T (q + 3 ± 1, q + 3)
since det
( −1 1
−(q+ 3± 1) q+ 3
)
= −(q + 3) + q + 3 ± 1 = ±1. Now we prove that O(Kp,q, n) is homeomorphic to
O(T (q + 3 ± 1, q + 3), n). In fact, a (1, 1)-knot is a two-generator knot (see, for example, [7]). Therefore a (1, 1)-knot
in S3 is prime by [12]. Since prime knots in the 3-sphere are completely classified by their groups (see for example [11],
Theorem 6.1.12, p. 76), the proof is complete. 
Since the orbifolds O(T (q + 3 ± 1, q + 3), n) are fibered, the manifolds in Theorem 4.2 are fibered, too. Under the
conditions of Theorem 3.2 such manifolds have infinite fundamental groups, so they are aspherical by [13], Proposition
3, p. 93. Let ϕ = 〈a1, . . . , an : r1 = 1, . . . , rm = 1〉 be a finite group presentation. There is a canonical 2-complex Kϕ
associated with ϕ. Its 1-skeleton is a bouquet of oriented circles, one for each ai. The 2-cells of Kϕ correspond bijectively to
the relators rj which determine closed curves as the corresponding attaching maps. We say that a finite group presentation
ϕ is (topologically) aspherical if the canonical complex Kϕ is aspherical, that is, pii(Kϕ) ∼= 0 for every i ≥ 2.
Corollary 4.3. Under the conditions of Corollary 3.3 and Theorem 4.2, the generalized Prishchepov group presentation P˜(p +
2, n, p+ 2+ (p− q)k, q+ 2, k, k+ 1) is aspherical.
Example. Let us consider the polyhedron P6,3,2 with side-pairing of its boundary faces described in Fig. 2(a). The quotient
space M6,3,2,0 is a closed connected orientable 3-manifold. The rotational symmetry of the polyhedron P6,3,2 around the
North–South axis shows thatM6,3,2,0 is the 6-fold cyclic covering of the 3-sphere branched over a specified (1, 1)-knot K3,2.
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Fig. 2. The polyhedral scheme P6,3,2 , the 1/6-pieceΠ3,2 and the orbifold O(K3,2, 6).
The fundamental group ofM6,3,2,0 has a presentation with generators x1, x2, . . . , x6 and cyclic relations xixi+1xi+2xi+3xi+4 =
x4i+5 for every i = 1, 2, . . . , 6 (subscriptsmod 6). The abelianized group ofpi1(M6,3,2,0) is isomorphic toZ⊕Z434. The orbifold
O(K3,2, 6) with underlying space S3 and with singular set K3,2 is depicted in Fig. 2(b). Here there is the 1/6-piece Π3,2 of
P6,3,2. The singular set K3,2 arises from the dotted arc NS.
A Heegaard diagram of the underlying closed 3-manifold M1,3,2,0 ∼= S3 is drawn in Fig. 3. The dotted arc represents
the singular set K3,2; it lies inside the 3-ball on which boundary the Heegaard diagram has been flattened. The diagram is
reducible by techniques of cancellation of handles. Fig. 4 is obtained from Fig. 3 by cancellation of the handle represented
by the arc with ends 1 and 1¯, and the boundary of the disc D. Fig. 5 represents the singular set K3,2 of the cyclic covering. By
Reidemeister moves it is easy to see that K3,2 is equivalent to the torus knot T (6, 5).
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Fig. 3. A Heegaard diagram ofM1,3,2,0 ∼= S3 .
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Fig. 4. The diagram obtained by Whitehead–Zieschang reductions.
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N=S
Fig. 5. The singular set K3,2 = T (6, 5).
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